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Abstract 



Ph! We conjecture the existence of two new non-gravitational six-dimensional 

string theories, defined as the decoupling limit of NS5-branes in the background 
of near-critical electrical two- and three-form RR fields. These theories are 
^ ■ space-time non-commutative Little String Theories with open branes. The 

theory with (2, 0) supersymmetry has an open membrane in the spectrum and 
reduces to OM theory at low energies. The theory with (1, 1) supersymmetry 
has an open string in the spectrum and reduces to 5+1 dimensional NCOS 
theory for weak NCOS coupling and low energies. The theories are shown to be 
T-dual with the open membrane being T-dual to the open string. The theories 
therefore provide a connection between 5+1 dimensional NCOS theory and OM 
theory. We study the supergravity duals of these theories and we consider a 
chain of dualities that shows how the T-duality between the two theories is 
connected with the S-duality between 4+1 dimensional NCOS theory and OM 
theory. 
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1 Introduction 

Recently, it has been discovered that the world-volume theory of a Dp-brane 
with a near-critical electrical NSNS 5-field is a space-time non-commutative 
open string (NCOS) theory [[I], 0. Subsequently, it was shown that the world- 
volume theory of the M5-brane with a near-critical electrical three-form C-field 
is a non-commutative open membrane (OM) theory [[3], |JQ. OM theory has 
been shown || [|, [0| to encompasses all the p + 1 dimensional NCOS theories 

2 For related papers about NCOS theory, OM theory and space-time non-commutativity, 
see |-@. 
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with p < 4, along with their strong coupling duals. In this sense, we can see 
OM theory as a unified framework for all these lower dimensional theories, in 
much the same way as M-theory can be seen as a unified framework of lower 
dimensional string theories. Another close analogy to OM theory is the way 
that the 5+1 dimensional (2, 0) SCFT encompasses all of the p+ 1 dimensional 
Yang-Mills (YM) theories with p < 4. 

However, the 5+1 dimensional NCOS theory does not appear to be directly 
related to OM theory. If we use the analogy to (2, 0) SCFT and YM theories, 
we know that the ultraviolet completion of the 5+1 dimensional YM theory 
is the 5+1 dimensional (1, 1) Little String Theory (LST) |19| , pO| P| living on 
the world-volume of type IIB NS5-branes. The T-dual of the (1, 1) LST is 
the (2, 0) LST living on type IIA NS5-branes, and the low energy limit of this 
theory is the (2, 0) SCFT. Thus, the two 5+1 dimensional LSTs provide a 
relation between 5+1 dimensional YM and (2, 0) SCFT. This also means that 
we can consider the LSTs as encompassing both the (2, 0) SCFT and the YM 
theories. 

In this paper, we find a relation between 5+1 dimensional NCOS and OM 
theory by defining two new theories which we call (1, 1) and (2, 0) Open Brane 
Little String Theories (OBLSTs). The (1, 1) OBLST is defined as the world- 
volume theory of N type IIB NS5-branes with a near-critical two-form RR- 
field, and the (2, 0) OBLST is defined as the world-volume theory of N type 
IIA NS5-branes with a near-critical three-form RR- field. The (1,1) OBLST 
inherits the closed string from (1,1) LST but has in addition the open string of 
5+1 dimensional NCOS along with the space-time non-commutativity, since 
the decoupling limit of (1, 1) OBLST is in fact identical to that of 5+1 di- 
mensional NCOS, as can be seen from type IIB S-duality. The (2, 0) OBLST 
has also the closed string of (2, 0) LST and in addition the open membrane 
of OM theory, again with a non-commutative geometry. Thus, the OBLSTs 
have open branes and are space-time non-commutative. For low energies the 
(2, 0) OBLST reduces to OM theory, while the (1, 1) OBLST reduces to 5+1 
dimensional NCOS theory for weak NCOS coupling and low energies. We show 
that the (1, 1) and (2, 0) OBLST are related by T-duality, in the sense that a 
T-duality in one of the open membrane directions in (2, 0) OBLST gives the 
open string of (1, 1) OBLST. The (1, 1) and (2, 0) OBLST therefore provide a 
relation between 5+1 dimensional NCOS and OM theory, and we can consider 

3 See also |2| || and sec @ for a brief review of LST. 
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them as encompassing OM theory and all the NCOS theories. 

In order to explore the OBLSTs we find their supergravity duals. As part of 
this we also find the supergravity dual of OM theory. We subsequently examine 
the phase structure and thermodynamics of the supergravity duals. From 
this, we see that the (1, 1) OBLST only has an NCOS phase when the NCOS 
coupling is small. For strong coupling, the closed string from LST dominates. 
The (2, 0) OBLST reduces to OM theory at low energies in the supergravity 
description, as it should. At high energies the closed string inherited from LST 
dominates in both of the OBLSTs, just as for ordinary LST. 

We test the consistency of our decoupling/near-horizon limits of the OBLSTs 
by connecting five different bound-states and their decoupling/near- horizon 
limits through S- and T-dualities. The chain of theories we relate is: OM- 
theory from M2-M5, D = 4 + 1 NCOS from F1-D4, D = 5 + 1 NCOS/(l, 1) 
OBLST from F1-D5, D = 5 + 1 NCOS/(l, 1) OBLST from D1-NS5 and (2, 0) 
OBLST from D2-NS5. Since the (2, 0) OBLST from D2-NS5 is related directly 
to OM theory, we have a closed chain of bound states and limits. Thus, we can 
start at any point in the chain and then move on to other points. The S- and 
T-dualities are also seen to induce corresponding dualities in the world-volume 
theories. 

It is important to note that instead of working in terms of decoupling limits 
we work mostly with near-horizon limits in this paper. The decoupling limits 
can easily be read off from the near-horizon limits. Therefore, when considering 
a particular near-horizon limit we also consider this limit as defining the theory 
which the corresponding near-horizon supergravity solution is dual to. 

2 (1, 1) OBLST and D = 5 + 1 NCOS theory 
2.1 Introduction to (1,1) OBLST 

In a new theory was found from the F1-D5 bound-state in the decoupling 
limit 

g b ^oo , gj* = fixed , Box -> £? c f ical (1) 

where g~b is the string coupling, l s the string length and B is the two-form 
NSNS field. This theory was subsequently shown to be a 5+1 dimensional 
theory of open strings, known as 5+1 dimensional NCOS theory, living in a 
space-time geometry with space and time being non-commutative. 
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In the following, we shall see that this theory also can be seen as a space- 
time non-commutative version of the (1, 1) LST. In fact, using type IIB S- 
duality we can define the same theory from the D1-NS5 bound-state in the 
decoupling limit 

g b ^0 , l s = fixed , A 01 - A c f cal (2) 

where g b = l/g b , l 2 s = gJl and A is the RR two-form field. Thus, just like for 
ordinary (1, 1) LST, the low energy gauge theory on D1-NS5, which has gauge 
coupling g\ M = (2ii) 3 l 2 , should have a solitonic string of tension (27t) 2 /<?y M = 
l/(27r/;?). Since g b = in the decoupling limit the string cannot leave the 
brane. In order to study the behavior of this LST-string, as we will call it in 
this paper, at higher energies, we turn to the supergravity dual description of 
the theory and in particular the thermodynamics computed from this. 

As we will explain in the following, for weak NCOS coupling and low en- 
ergies the (1, 1) OBLST reduces to what we call D = 5 + 1 NCOS, being a 
theory of weakly coupled open strings. Thus, D = 5 + 1 NCOS can be regarded 
as a low energy limit of (1, 1) OBLSTQ. On the other hand, when the NCOS 
coupling is large, the LST tension is small, so we instead have a space-time 
non- commutative LST governing the dynamics of the theory. (1, 1) OBLST 
reduces to Yang-Mills theory when the effective Yang-Mills coupling is small. 



2.2 The F1-D5 and D1-NS5 bound states 



In this section we give the F1-D5 and D1-NS5 bound-states so that we can 
find the supergravity dual description of (1, 1) OBLST in the next section. 

We introduce here the notation that the S-dual string couplings and string 
lengths are connected as g b = l/g b and I 2 = g b I 2 . Our notation for the string 
couplings are further clarified in section |5|. 



The non-extremal F1-D5 bound-state has the string frame metric [26, 25 



ds 2 



D - fdt 2 + (dx 1 ) 2 + (dx 2 ) 2 + --- + (dx 



„5\2 



+H 1 ' 2 \f- 1 dr 2 + r 2 dnl 



(3) 



the dilaton 



H~ l D 



(4) 



This was also discussed in [G5|. 
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and potentials 

B 01 = sin 9 coth aDH' 1 (5) 

^2345 = -tanW/- 1 (6) 

A 012U5 = ^cothdCfT 1 - 1) (7) 

cos 9 

with B pv being the NSNS two-form field, A pupa being the RR four-form field 
and A pupaK \ being the RR six-form field. We also define 

,2 

I ( 8 ) 



H = 1+ r o^f a (9) 
D- 1 = cosh 2 9 - sinh 2 9H~ l (10) 

We use the two sets of variables 8, a and 9, a related by 

sinh 2 a = cos 2 9 sinh 2 a , cosh 2 9 = - (11) 

cos 2 9 

Using charge quantization of the N D5-branes we get 

r 2 sinlWsinh 2 a + cosh" 2 9 = = (12) 

cosh 9 cosh 9 

We now use type IIB S-duality on the F1-D5 solution (0)-(0). This gives 
the D1-NS5 solution 



ds 2 = D~ 1/2 



£>( - fdt 2 + (dx 1 ) 2 ) + (dx 2 ) 2 + ■■■ + (dx 5 ) 2 



+H( K r l dr 2 + r 2 rffi 2 )] (13) 

e W = HD- 1 (14) 

A 01 = - sin 9 coth aDH' 1 (15) 

^2345 = -tanfli/- 1 (16) 

2.3 Supergravity description of (1,1) OBLST 
The near-horizon limit of the F1-D5 bound-state is @, |25| 

h , = fixed , f=-=^r , f = ^r , 6 = ^cosh6» (17) 
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I, 



~x l - 3 ~ l 



x\ i = 0, 1 



x 3 



y/b 1 ' "'" ' ~ 
where we use the notation x° = t. We have 



j , j = 2, 5 



L = f 2 sinh' a = g b V s N = l z s N 



We get the near- horizon solution [25| 





«2 



+#(/- 1 df 2 + f 2 dfi 2 



(19) 



If — ( - /dt 2 + {di 1 ) 2 ) + (d£ 2 ) 2 + • • • + (dx 5 ) 2 



(20) 



;4 f 2 

-2 2$ _ 

9bC ~b 2 L 2 



(21) 



B 

Bo1 ~ ~bT 2 



with 



r 2 T 2 



Using S-duality, the near-horizon limit of D1-NS5 is 



g b -> , i s = fixed 



-r , r 



9bh 



[22) 



(23) 



-r , b = g b l 2 cosh 9 
(24) 



The limit 

cfe 2 



x l 



9bh 



x l , z = 0, 1 , 



Vb 



\'T> ' V9bi 

l^) gives the near-horizon solution^ 
t r z.2 

-1/2 



x , j — 2, 5 



(25) 



( - /rft 2 + (dx 1 ) 2 ) + (rfx 2 ) 2 + • • • + (d^y 



+H(f- 1 df 2 + fW 



(26) 



h 2 T 2 

„2 20 _ 

& C -M r ~2 



(27) 



5 The string metric does not go to zero in our notation since we define the string metric 
via instead of g b e^ ■ 
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72 ^2 



A m = (28) 

We now give the mapping from our supergravity parameters to the parame- 
ters of (1, 1) OBLST. The (1, 1) OBLST lives on a non-commutative space-time 
with the commutator [t, x 1 } = ib. The energy coordinate u is related to the 
rescaled radial coordinate f as u — f/b. As we discuss in the following, the 
(1,1) OBLST has three different phases: A weakly coupled Yang-Mills phase, 
a weakly coupled NCOS phase and a phase with LST strings. There are special 
parameters for each of these phases. 

The open string coupling of the 5+1 dimensional NCOS is 

sf = X = f (29) 

The tension of the open string is 1/6. The Yang-Mills coupling constant of the 
5+1 dimensional Yang-Mills theory is g\ M = (2n) 3 gb. This gives the effective 
YM coupling constant = (2ir) 3 gNbu 2 . The LST-string has the tension 

1/(2*®. 

We now consider the phase structure of (1, 1) OBLST in terms of phase 
diagrams with the energy coordinate u as variable. The three possible phase 
diagrams for iV ^> 1 are depicted in figure [1|-|3]. For iV ~ 1 we have instead 
only two phase diagrams. 



I s VN b Is U 

YM 5+1 (1,1) LST (1,1) OBLST (1, 1) OBLST 

Perturbative D5-branes F-strings D-strings 

Figure 1: Phase diagram for (1, 1) OBLST with 1/N < g < 1. 

We observe that the supergravity dual of (1, 1) OBLST reduces to the 



supergravity dual of (1, 1) LST given in [2^, |28|] when u -C yNl s /b. 

We consider first ^A^ ^> 1 which gives the two possible phase diagrams 
depicted in figure [I] and ^|. We have three transition points. At g^ s ~ 1, which 
is equivalent to u ~ l/(l s \/N), we flow from a perturbative YM description 
to a near- horizon D5-brane description. At g^ ~ 1, which is equivalent to 



u ~ yN/l s , we go either from a D5 to a NS5 description, or from a delocalized 

6 For convinience we call g = G^ Q the NCOS open string coupling where G is the NCOS 
open string coupling of 
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1 v^V t/NI s 

l 3 y/N Is b u 

YM 5+ i (1,1) LST (1,1) LST (1,1)0BLST 

Perturbative D5-branes NS5-branes D-strings 

Figure 2: Phase diagram for (1, 1) OBLST with g ^> 1. 



F-string to a delocalized D-string description. At u ~ L/6 = yNl s /b we flow 
from the ordinary (1, 1) LST to (1, 1) OBLST, and we go either from a D5 
to a delocalized F-string description, or from a NS5 to a delocalized D-string 
description. 

J_ -/N 

s/b Is U 

NCOS 5+1 (1,1) OBLST (1,1) OBLST 

Perturbative F-strings D-strings 

Figure 3: Phase diagram for (1, 1) OBLST with g <C 1/N. 

The third possible phase diagram, depicted in figure [| has gN < 1. At 
energies u <C l/y/b we have a weakly coupled 5+1 dimensional NCOS theory 
description, which reduces to perturbative YM theory at low energies. At 
u ~ 1/y/b we flow to a delocalized F-string description and at u ~ \fN jl a we 
flow to a delocalized D-string description. 

In order to understand these phase diagrams, it is useful first to consider the 
thermodynamics of the supergravity description. The near-horizon solutions 



and (26)-(^) give the leading order thermodynamics 



1 . ^= V 5 1 _ 2 



T ^i^f- s=viv (#«f° (30) 
*=(IWr° ■ F=0 (31) 

This thermodynamics describes (1, 1) OBLST for u ^> Msg, where u^g = 
l/(lsVN) for gN > 1 andw S G = l/V&for gN < 1, since the string corrections 
to the thermodynamics are small in this region. The Hagedorn temperature 
of ordinary (1,1) LST is 

1 



LST 



27r/ s ViV 



(32) 
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So, we have that T ~ T L st for u ^> Msg- This suggest that the LST-strings 
dominates the dynamics of (1, 1) OBLST for u ^> usg, since the thermodynam- 
ics (pO)- (pTJ) has the same leading order Hagedorn behaviour as ordinary (1, 1) 



LST [29], |30|, pl| . That the LST-strings live on a space-time non-commutative 
geometry can be seen by the fact that the critical behavior of the entropy at 
very high energies are different, as shown in | 2"5f . For ordinary (1, 1) LST we 
have that [0, [32f S(T) oc (T LS t - T)" 1 while for (f , f ) OBLST we have |5| 
5(T)oc(T LST -T)- 2 / 3 . 

That the LST-string dominates for u ^> usg is not in contradiction with 
the existence of open strings in (1, 1) OBLST, as we now explain. 

Consider first the case 1/N <C g <C 1 with phase diagram depicted in figure 
[11. This case corresponds to strongly coupled open strings, since gN ^> 1. 
Though the LST-strings are not lighter in this case, there is the other energy 
scale l/(l s \/~N) in LST which is connected with LST Hagedorn behavior. As 
suggested in [|29], ^TJ , this could be a LST-string scale connected with fractional 
strings. The LST-modes corresponding to this scale are clearly lighter than 
the open string modes, thus explaining why the LST-string modes dominates 
for u > l/(l s VN). 

The second case has g ^> 1 which also corresponds to strongly coupled 
open strings. The phase diagram is depicted in figure |2|. We have that 1/b ^> 
l/l 2 s thus the LST-strings are lighter than the open strings and are therefore 
expected to dominate, which is confirmed the thermodynamics. 

The final case has gN <C 1 corresponding to the phase diagram in figure 
|3|. Since we have that 1/b l/(Nl 2 s ) the open strings of NCOS theory are 
much lighter than the LST-modes connected with LST Hagedorn behaviour 
and we should therefore expect them to dominate the dynamics. For the 
NCOS Hagedorn temperature T NCO s we know that T NCO s ~ 1/Vb. Thus, we 
have that Tncos *C Tlst- Clearly, the NCOS Hagedorn temperature is not 
limiting, and we should have a Hagedorn phase transition at a certain energy 
^ncos- Since we have just shown that for u ^> 1/Vb we had T ~ T LST , we get 
that uncos ^ 1/yb. Thus, the reason that the LST-strings can dominate at 
high energies, even though they are heavier than the open strings, is that the 
open strings have been subject to a Hagedorn transition at these energies. We 
note that the lower dimensional NCOS theories exhibit similar behaviour in 
the sense that, when they are weakly coupled, the supergravity dual describes 
them only when the temperature are above the NCOS Hagedorn temperature 



and a Hagedorn phase transition has occured p5 
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In summary, we have learned that at weak NCOS coupling gN <C 1 the 
(1, 1) OBLST has an NCOS phase for energies u <C 1/Vo, with LST-strings 
dominating at higher energies, as depicted in figure |3|. For strong NCOS cou- 
pling gN > 1 we have perturbative YM for low energies and LST-strings 
at high energies as depicted in figure [l] and |[ Thus, in this sense one can 
say that strongly coupled 5+1 dimensional NCOS theory gives a space-time 
non- commutative version of (1, 1) LST. 

2.4 Branes in (1,1) OBLST 

In the ordinary (1, 1) LST we have besides the LST-string with tension 1 / (2irl^) 
the dO, d2 and d4 branes p3fl . These origins from having open Dl, D3 and D5 
branes stretching between NS5-branes. 

In the (1, 1) OBLST we still have the LST-string, but now the D-string 
stretching between two D1-NS5 bound-states induces an open string. We note 
that the zero modes of the open D-string is what gives the Yang-Mills theory at 
low energies, which fits with the picture that the NCOS theory at low energies 
reduce to Yang-Mills theory. 

Since there is not any electric field on the ends of an open D3-brane stretch- 
ing between D1-NS5 bound-states we expect that we still have the same d- 
membrane in (1, 1) OBLST as in (1, 1) LST, but presumably now moving in a 
space-time non-commutative geometry. Also the d4-brane seem to be part of 
(1,1) OBLST. 

In other words, only the open D-brane for which the potential goes to its 
critical value, gives an open brane in the world-volume theory. The rest of the 
spectrum is unchanged. 



3 Supergravity dual of OM theory 

In this section we find and study the supergravity dual of OM theory. We find 
the OM supergravity dual by uplifting the 4+1 dimensional NCOS supergrav- 
ity dual. Apart from being interesting in its own right, it is also important 
to understand the OM theory near-horizon limit in order to understand the 
decoupling and near-horizon limit of (2, 0) OBLST. 

The near-horizon and decoupling limits of the M2-M5 bound state have 
previously been studied in |§ ||, g§, |37], || ^ |, | . 
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3.1 The M2-M5 and F1-D4 bound states 



In this section we describe the supergravity solutions that we use for OM 
theory and 4+1 dimensional NCOS theory. 

The non-extremal M2-M5 brane bound-state has the metric [50 

fdt 2 + (dx 1 ) 2 + (dx 2 ) 2 + E>((dx 3 ) 2 + (dx 4 ) 2 + (dx 5 ) 2 ^j 

(33) 



ds\ x = (HD) 



-1/3 



-H[r X dr 2 + r 2 dnl 



and the three- and six-form potentials 



We have 



C012 = — sin 9H coth a 
C 345 = tan 6 DH- 1 
C012345 = cos 9D(H — 1) coth 6t 



f = l- 



fy = l + r l sinh2 & 



(34) 
(35) 
(36) 



(37) 



IT 1 = cos 2 9 + sin 2 9H' 1 
The charge quantization for iV M5-branes gives 

, . . nNll 
Tq cosh a sinh a = r 

cos# 

In the new variables 



sinh a = cos 9 sinh a , cosh 9 



cos 2 9 



we have 



(3* 



(39) 



(40) 



ds 2 u = (HD)- 1 / 3 [D ( - fdt 2 + (dx 1 ) 2 + (dx 2 ) 2 ) + (dx 3 ) 2 + (dx 4 ) 2 + (dx 5 ) 2 

(41) 



+H(f~ 1 dr 2 + r 2 dtt\ 



H 



1 + 



ri? sinh a 



D 



-1 



coslT 9 - sinh z 9H 



2 a cr-l 



(42) 
(43) 



We note that H = HD~\ H = HD- 1 and D = D~ x . 
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We now dimensionally reduce the M2-M5 on the electric circle with the 
coordinate x 2 . This gives the F1-D4 bound-state solution. The relation be- 
tween the eleven dimensional metric ds\ x and the ten-dimensional string-frame 
metric ds\ Q and dilaton is 



ds 2 n = e~^ds 2 10 + e^(dx 



2\2 



(44) 



Thus, we get the metric 



#-1/2 



£>( - fdt 2 + (dx 1 ) 2 ^ + (dx 3 ) 2 + (dx 4 ) 2 + (dx 5 ) 2 



+H(f~ 1 dr 2 + r 2 dQ 2 4 



ds\ Q 



the dilaton 

e 24> = H -1/2 D 

and the NSNS two-form potential 

Bqi = — sm9 cothaDH^ 1 



(45) 



(46) 



(47) 



This solution coincides with the one given in f25 



3.2 Near-horizon limit of OM theory from D = 4 + 1 
NCOS 



The near horizon limit of 4+1 dimensional NCOS is H, |25 



l s -> , r = -^r , r = ^-r 



I, 



b = P s cosh6 , a = fixed (48) 



x { = -^=x i , i = 0, 1 , F = , j = 3, 4, 5 

V6 Is 

We have the open string coupling squared 

~ gJ 2 s 

9 = — 

Using ©-(H) on ©-© we get |25 



(49) 



(50) 



ds 2 10 = J 1h- 1 / 2 



-T.2 



( - /dt 2 + (dx 1 ) 2 ) + (dx 3 ) 2 + (d£ 4 ) 2 + (dx 5 ) 2 



+H(f~ 1 dr 2 + r 2 dfll 



(51) 
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b L 3 

with 



? a <* = ?H-W(l + ^) (52) 



72 f3 

*oi = TTs (53) 



L 3 = f 3 sinh 2 a = 7rNgb 3/2 (54) 



r3 ~3 

We now introduce the open membrane length scale / m in OM theory defined 
by stating that the open membrane has tension l/l^- As shown in [Q, we 
then have 

t = 9b 3/2 (56) 

This can be understod as follows. Since the radius of the electric circle with 
coordinate x 2 is Re = gJs the rescaled radius is 

R E = ^ = gVb (57) 

where the rescaling Re = REh/Vb follows from the fact that the x 2 coordinate 
should scale the same way as the x 1 coordinate in We can then write the 
relationfj 

\ = w ™ 



where 1/6 is the tension of the open string in NCOS. Thus, the relation (|56) 
is the statement that the open string in NCOS is the open membrane in OM 
theory wrapped on a circle of radius Re- 



We now want to use ( pH| ) to write the near- horizon limit (IS)-(^) in terms 
of the eleven dimensional variables l m and l p , where Z 3 = gj^. Using (|56|) we 
have 



Vb gb 3 ' 2 _ 11 
l s gbl s If, 



(59) 



7 In these type of relations we ignore factors of 2tt. 
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Using this together with (f48|)-(49) we can write the eleven dimensional near- 
horizon limit of OM theory as 







I 3 

'm 
P 



I 3 

ro = -prr 



l p cosh 6 



(60) 



x l 



I 3 

III 



0,1,2 , 



x J 



I 3 ■ 

m n 



3,4,5 



(61) 



This is a purely eleven dimensional near-horizon limit of OM theory, meaning 
that it can describe OM theory with the Lorentz symmetry 50(1, 2) x 5*0(3). 

The near-horizon limit (]6"0|)-(|6"1"|) is the same limit of the M2-M5 brane 
bound state as in [|35], [3(J. Keeping r/l 3 fixed means that the membrane 
modes for open M2-branes stretching between M5-branes are kept finite. 

Using (|60D-(|61]) on (O) and d34|)-(p6|) we get the supergravity dual 



ds n 



L 



-P. H' 2/3 ^r 
I 2 r 



^3 t 



H— - fdt 2 + (dx 1 ) 2 + (dx 2 ) 2 



+ {dx 3 ) 2 + (dx 4 ) 2 + (rfx 5 ) 2 + H[f- l dr 2 + f 2 dQ 



(62) 



a 



012 



lp ^ 3 n — C7-1 



(63) 



L 3 



H=l + - , / = 1-J 



(64) 



When OM theory is on an electric circle of rescaled radius Re, the energy 
coordinate u is 



Ret 
I 3 



(65) 



3.3 Phase structure of OM and D = 4 + 1 NCOS theory 

In this section we examine the phase structure of OM theory and the 4+1 
dimensional NCOS theory via their supergravity duals. 

The OM theory near-horizon solution (|B^)-(pB|) is valid when the curvature 
in units of l~ 2 



C= 7iN 2 + 



N f3 \ -1/3 
73 



(66) 
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(2,0) SCFT OM theory 

AdS 7 x S A M2-branes 

Figure 4: Phase diagram of OM theory. 

is small. Thus, if iV ^> 1 this is clearly satisfied and we can describe OM 
theory for all energies. If N is of order 1, we instead need that f ^> iV 1//3 Z m 
since we need that f > L. 

From the supergravity dual (j32j)-(|63|) we see that for f <C N l ^l m the so- 
lution reduces to AdS 7 x S 4 describing the six-dimensional (2, 0) SCFT . 



Thus, for f < iV 1/3 Z m OM theory reduces to (2, 0) SCFT. For f > iV 1/3 / m 
the open membrane is large enough to have an effect and the underlying non- 
commutative geometry is detectable. For f ^> A^ 1 / 3 Z m the solution is described 
by M2-branes delocalized in 3 directions. The phases are depicted in Figure |]. 



gNVb Vb lm U 

YM 4 +i YM 4+ i NCOS4+1 OM theory 

Perturbative D4-branes F-strings M2-branes 

Figure 5: Phase diagram for D = 4 + 1 NCOS with 1/N < g < 1. 



1 n 1 / 3 (gN) 1 / 3 

gNVb gVb Vb U 



YM4+1 YM 4+ i (2, 0) SCFT OM theory 

Perturbative D4-branes AdS 7 x S 4 M2-branes 

Figure 6: Phase diagram for D = 4 + 1 NCOS with g 3> 1. 

For 4+1 dimensional NCOS the curvature of the supergravity dual in units 
of I7 2 is 



C = ^H- 1 ' 2 (67) 



Thus, for gN < 1 we need r ^> \fbj (gN) while for gN > 1 we need f ^> \/b in 
order for C <C 1. 
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J_ N 1 / 3 

\fl Im, U 

NCOS4+1 NCOS 4+ i OM theory 

Perturbative F-strings M2-branes 

Figure 7: Phase diagram for D = 4 + 1 NCOS with gN <C 1. 

Consider first gN ^> 1. When f ~ L we flow from YM to NCOS with the 
space-time commutator [tjX 1 ] = ib. The 4+1 dimensional NCOS theory flows 
into OM theory when g a e^ ~ 1. This gives two possible phase diagrams, which 
we have depicted in the figures || and |[ 

The case with gN <C 1 is depicted in figure 0. This case corresponds 
to weakly coupled NCOS theory. The NCOS theory flows to OM theory at 
u ~ N 1 ' 3 /^. 

The thermodynamics of the 4+1 dimensional NCOS theory from the su- 
per gravity dual is 



m 3 yr 1 - yggg 5/2 

T "^7^pf' s "^ 4 ^^ r ° (68) 



r - — YL?3 F - - — f 3 (69) 

2 7 7T 4 

" -N 3 gVbViT 6 (70) 



3 7 

As noted in [^5j this thermodynamics is equivalent to that of ordinary 4+1 
dimensional YM for large N and strong 't Hooft coupling. 

The thermodynamics of OM theory from its supergravity dual is 



S = (71) 



F - 5 V5 r 3 F - 1 V5 r 3 (7?) 

192tt 6 Pj° ' * " 192^/^ r ° [U) 

2 6 7T 3 

F = — —N 3 V 5 T e (73) 

We see that the thermodynamics of OM theory is equivalent to that of (2, 0) 
SCFT for large N. 
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4 (2, 0) OBLST and OM theory 



4.1 Introduction to (2,0) OBLST 



The (2, 0) OBLST is defined as the D2-NS5 bound-state in the decoupling 
limit 



9a -> , l s = fixed 



.4 



012 



a critical 
^012 



(74) 



We show in the following that this limit follows both from using the near- 



horizon/decoupling limit of OM theory found in Section [3.2| and from doing 
a T-duality on the (1, 1) OBLST. The (2, 0) OBLST has an LST-string and 
since (2, 0) OBLST reduces to OM theory for low energies, it also has an open 
membrane. The T-duality between the two OBLSTs is shown to relate the 
open membrane to the open string of (1, 1) OBLST. 

At high energies the LST-string dominates and the thermodynamics has 
LST Hagedorn behavior. The R-symmetry is SO (4) for these energies, but at 
low energies we get OM theory and the R-symmetry is enhanced to 5*0(5). 
This we show using the supergravity dual of (2, 0) OBLST. 

The decoupling and near-horizon limits of the D2-NS5 bound state have 



previously been studied in [35, 42 . 



4.2 D2-NS5 bound state from M2-M5 on a transverse 
circle 

The D2-NS5 bound-state in type IIA string theory can be considered as an 
M2-M5 bound-state localized on a transverse circle. Thus, from the M2-M5 
bound state in section |3.1| we get the metric^ 

„5\2 



ds 2 n = {HD)- 1/3 [d ( - dt 2 + {dx 1 ) 2 + {dx 2 ) 2 } + {dx 3 ) 2 + {dx 4 ) 2 + {dx 5 



+H dz 2 + dr 2 + r 2 dQ< 



with 



H 

D- 1 



1 



7T 



Nil 



r 2 + {z + 2imR T yy/ 2 
cosh 2 fl-sinh 2 OH' 1 



(75) 



(76) 
(77) 



3 We write only the extremal version of this solution so in comparing with the non- 



extremal M2-M5 solution @ and (| 



one should use that rjj sinh a 



it Nil for 
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where z is the coordinate of the transverse circle with the asymptotic radius 
Rt- 

For r ^> Rt we have 

1 tiNP , 

H = 1 + — ^ 78 

7iR T r z 

We now consider the z coordinate as the eleven dimensional coordinate. 
Thus by the usual M/IIA correspondence we have Rt = gJs and l 3 = Rt1 2 s - 
The D2-NS5 bound-state has the string-frame metric ds 2 and the dilaton 
given by the formula 

ds 2 n = e-^ds\ + e^dz 2 (79) 

This gives the D2-NS5 solution 

£>( - dt 2 + (dx 1 ) 2 + (dx 2 ) 2 ) + (dx 3 ) 2 + (dx 4 ) 2 + (dx 5 ) 2 

(80) 



ds 2 10 = D- 1 ' 2 



+H(dr 2 + r 2 dnj 



e 2<t> = HD- 1/2 (81) 

A 012 = -sinODH- 1 (82) 
A U5 = tanOH- 1 (83) 



4.3 Supergravity dual of (2,0) OBLST 
The near-horizon limit of the solution (|75|) is 



l P ^0 , r= l fr , z= l jfz , Z^ = z;cosh0 (84) 



^ = JU z = 0,l,2 , ~x 3 = l ^x\ j = 3, 4, 5 (85) 

'p 

This we obtained from the OM near-horizon limit - (pT|) since the (2, 0) 
OBLST limit should be consistent with the OM theory limit. 
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The eleven dimensional supergravity dual of (2, 0) OBLST is therefore given 

byfj 

ds 2 n = S-H-Wj^llIJ-^ -dP + (dx x f + {dx 2 f) 

l m L V ' 

+ (dx 3 ) 2 + (dx 4 ) 2 + (dx 5 ) 2 + H(d~z 2 + df 2 + r 2 dVlfjj (86) 



I 3 _ I 3 

Coi2 = ~p~^ ' ^* 345 = ffl' 



n=— oo 



r 2 + (z + 2imR T ) 2 yi 2 



The limit (Q)-(^) is precisely consistent with our requirements of a limit 
of (2, 0) OBLST. We need that t/Rt is finite in the near-horizon limit so since 
% — gJs an d Rt = gJs we see that the OBLST limit is g s ^ and l s kept 
fixed. But this is the limit of ordinary LST so we should have closed strings 
of tension 1/(2tt/ 2 ) in (2,0) OBLST. Note that R T = l 3 m /l 2 . 

We observe that the supergravity dual of (2, 0) OBLST given by (|36"D- 
(j87[) reduces to the supergravity dual of (2, 0) LST given in |27|, when 

For f <C Rt we should consider (|86f)-(|87D as an approximate description of 
(2, 0) OBLST which for small f continuously should flow to the OM theory 
supergravity dual given by fl62|)-(|63D. 

When f 3> Rt and g a e^ < 1 we can use a ten-dimensional description via 
weakly coupled type IIA string theory. The limit (|84j) -( [3q) translates into the 
limit 

g a ^0 , l s = fixed , f=\r , l° m = g 2 f s cosh 9 (89) 



= 9 -A x \ i = o, 1, 2 , x j = \x\ j = 3, 4, 5 (90) 

9 The construction of the supergravity dual of (2,0) OBLST presented here is similar 
to that of the D2-NS5 near-horizon solution presented in f42]| . The D2-NS5 near- horizon 
solution of p2| describes (2, 0) OBLST on a magnetic circle. We thank M. Alishahiha for a 
discussion about this point. 



19 



The type IIA near-horizon solution is then 

,L 



ds 1Q 



H 



^.2 

1? 



dt 2 + (dx 1 ) 2 + (dx 2 ) 2 ) 



+ (dx 3 ) 2 + (dx 4 ) 2 + (dx 5 ) 2 + H(d? 2 + ? 2 dQ 2 3 



(91) 



l 6 s r 



(92) 



.4, 



012 



gJ 



3 ^,2 



73 r 2 



A 



345 



a I 3 

H 



I 3 



(93) 



F.N 



H 



L 2 

1 + 



(94) 



4.4 T-duality on an electric circle: From open mem- 
branes to open strings 



Since we believe that (2,0) OBLST has an open membrane of tension \jl 3 m 
and that (1, 1) OBLST has an open string of tension 1/6 it is natural to ask 
whether this is consistent with T-duality. From point of view of the bulk, T- 
duality on an electric circle in (2, 0) OBLST would give (1, 1) OBLST, since it 
takes D2-NS5 into D1-NS5. In this section we test that this is also consistent 
with the decoupling limits. In section |5| we develop this further and connect 5 
different bound states and their decoupling limits in a duality- chain. 

We take x 2 as the coordinate of the electric circle with radius Re- From 
X) we get 



and (H) 



p _ 9aP s p 



I 3 
in 



Ri 



gJ 3 s 



Since Rt = gJs we have 



(95) 



f? _ m 
-ttT — "77T 



(96) 



A T-duality in x 2 gives 



gb = g a 



Rt 



Rt 
Re 



Rr 



(97) 
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Since l s is fixed in both (1, 1) and (2, 0) OBLST this means that oc g\. By 
comparing ([24])- (|2~5l) with ([39l)-(|90|) we see that this is exactly what we need for 
the decoupling/near- horizon limits of (2, 0) and (1, 1) OBLST to be consistent 
with each other. Moreover, we see that we need 



* - ^ (98) 



Using and (H) we get that 

a 2 Z 4 I 3 

R E = * L 1 t = J ? (99) 

9b Itn 

Thus, the T-duality between the decoupling limits of (1, 1) and (2,0) OBLST 
requires that 

This relation means that the open string of (1,1) OBLST with tension 1/6 
is the open membrane of (2, 0) OBLST wrapped around the electric circle of 
radius Re- Thus, the open membrane in (2, 0) OBLST and the open string in 
(1, 1) OBLST are related by T-duality. 

We elaborate further on this in Section |^. 



4.5 Phase structure and thermodynamics 

As already mentioned, the (2, 0) OBLST has both the open membrane with 
tension 1//^ as in OM theory, and also the LST-string with tension 1/(271"^). 
We now consider the phase structure of (2, 0) OBLST. We parameterize the 
phase diagrams with the rescaled radial coordinate r. This is not an energy 
coordinate, but any energy coordinate should be increasing with f and we can 
therefore use it to find the succession of transition points. 

We consider two possible phase diagrams depicted in figure |8| and [| For 
both diagrams we have that at f ~ Rj< we have a transition point where 
for lower energies we have SO (5) R-symmetry and for higher energies SO (4) 
R-symmetry. In the supergravity solution this can be understod from the 
observation that at f ~ Rr the radius of the S 3 in the metric ( [36|) is of the 
same order as the radius Rr of the transverse circle. Thus, at f R? the 
supergravity dual of (2, 0) OBLST is in fact the supergravity dual of OM 
theory, given in Section |3.2j . 
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The curvature in units of l s of the supergravity dual for r 3> R T is 

1 1 . , 



For r <C i?T the curvature is given by (pq). In the following we work with 
iV> 1. 

We first consider the phase diagram of figure |[ For low energies we have 
(2,0) SCFT with SO (5) as the R-symmetry group. This is described by the 
AdSy x S 4 supergravity dual. From Section [3,3| we know that at r ~ 

in 

we have OM theory, described by delocalized M2-branes. At f ~ R? the 
R-symmetry is broken to 50(4) and we go into (2,0) OBLST. However, we 
do not enter the weakly coupled type IIA description before the transition 
point g a e^ ~ 1, which is at r ~ y/Nl^/l^. Thus, we have either delocalized 
M2-branes or delocalized D2-branes describing the (2, 0) OBLST phase. 

In the second phase diagram, depicted in figure |^, we also start at low 
energies with (2, 0) SCFT. We then proceed to the ordinary (2, 0) LST at 
f ~ Rt- At f ~ VNl^/lg we enter the weakly coupled type IIA description 
so that the (2, 0) LST is described by NS5-branes. At f ~ VNl s we enter the 
(2, 0) OBLST phase with a non- commutative space-time. 



N^L, R, 



(2,0) SCFT OM theory (2, 0) OBLST (2, 0) OBLST 

AdS 7 x S A M2-branes M2-branes D2-branes 

Figure 8: Phase diagram for (2, 0) OBLST. 



Rt ^ l.VN 

(2,0) SCFT (2,0) LST (2, 0) LST (2, 0) OBLST 

AdSj x S 4 M5-branes NS5-branes D2-branes 

Figure 9: Phase diagram for (2, 0) OBLST. 
From a non-extremal version of the metric fl86|) the thermodynamics of 
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(2, 0) OBLST for r > R T is found to be 



1 „ rrz V 5 1 _ 2 



T = f= , S = VN , n ° m (102) 



E=l¥ki^-rl , F = (103) 



(2*) B a ° ' 

The Hagedorn temperature of (2, 0) OBLST is 



T ^ = ^tm (104) 



Thus, we see that for r ^> R T we have T ~ T L st so that the LST-strings 
dominate for f 3> i?^. As discussed in [p? , |30| , |31[] the thermodynamics ( |102| )- 



( |103| ) exhibits leading order Hagedorn behavior, and one can calculate |E| that 
since the supergravity dual consist of delocalized D2-branes in the UV-region, 
the entropy has the critical behavior S(T) oc (Tlst — T)~ 2 / 3 , just as for (1, 1) 
OBLST. Thus, the critical behavior of the entropy for high energies in (2, 0) 
OBLST is different from that in (2, 0) LST. 

From comparing the phases and thermodynamics of (1,1) OBLST and 
(2, 0) we see that there are many similarities, as one would expect from T-dual 
theories. The LST-strings dominate the thermodynamics for high energies in 
both cases, and the open string and open membrane only appears as phases 
in the phase diagrams when they are sufficiently light. 



4.6 Branes in (2,0) OBLST 

In the ordinary (2, 0) LST we have besides the LST-string with tension 1 / (2irl 



I) 

the dl, d3 and d5 branes p3|. These origins from having open D2, D4 and D6 
branes stretching between NS5-branes. 

The (2, 0) OBLST still have the LST-string, but the D-membrane stretching 
between two D2-NS5 bound-states induces an open membrane which gives OM 
theory at low energy. At low energies this open membrane reduces to a dl- 
brane in (2, 0) LST, or to a tensionless string in (2, 0) SCFT. Using similar 
arguments as for (1, 1) OBLST, we expect that the d3 and d5-branes are part 
of (2, 0) OBLST. 

Thus, we see that the brane-spectra of (1, 1) and (2, 0) OBLST are related 
by T-duality. 
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5 A duality-chain of theories 



In this section^ we systematically explore how the T-dualities and S-dualities 
connects the various bound-states and their decoupling limits that we have 
been discussing in Section [|||, in order test the consistency of these limits 
and also to relate the parameters of the theories. Some of the discussion has 
already appeared in earlier sections, but we repeat it here for clarity. The 



duality-chain is depicted in Figure 10 



M2-M5 bound state 
M-theory: l p 

OM theory: l m 



Sa(E) 



F1-D4 bound state 

Type IIA: g a , l s 

D = A + 1 NCOS: 6, g 4 



T(T) 



F1-D5 bound ^tate 
Type IIB: g b , l s 
,D = 5 + 1 NCOS: b,g 5 
(1,1) OBLST: b,l s 



S 



B 



Sa(T) 



D2-NS5 bound state 
Type IIA: g a , l s 

(2,0) OBLST: l m ,l s 



T(E) 



D1-NS5 bound state 
Type IIB: g b , l s 

D = 5 + 1 NCOS: b, g 5 

(1,1) OBLST: M, 



Figure 10: The chain of theories and bound-states related by S- and T- 
dualities. Sa(E) and Sa{T) means the type IIA S-duality in the electrical and 
transverse direction, respectively. T(E) and T(T) means a T-duality in the 
electrical and transverse direction, respectively. Sb means type IIB S-duality. 



All of the bound-states in the chain can be seen as the M2-M5 bound-state 
on an electric circle and a transverse circle. In eleven dimensions the M2-M5 
bound-state on a transverse circle is given by (]75D-(f76D. We take x 2 to be the 
coordinate for the electric circle of radius Re and z to be the coordinate for 
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The content of this section was developed in collaboration with N. A. Obers. 
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the transverse circle with radius Rt- 

For all the various decoupling limits we have 

cosh.9 — ► oo , f = V cosh 9r , z = V cosh 9z (105) 



x 1 



1 x\ i = 0, 1, 2 , 3P = Vcosh 6x j , j = 3, 4, 5 (106) 
V cosh 



which gives 



1 



R E = Re , Rt = Vcosh9R T (107) 

V cosh 9 

Thus, all the decoupling limits are specified by the relation between cosh 9 and 
the parameters of M/string theory, and the parameters of the world-volume 
theories. 

Thus, starting from the top with the M2-M5 bound-state, we have 

cosh# = -^ (108) 

where 1//^ is the tension of the open membrane in OM theory and (2,0) 
OBLST. 

Choosing x 2 as the eleventh direction we go to the F1-D4 bound-state and 
we have 

b P 

R E = gJ s , l 3 p = gJl , cosh#=^ , h = ^y (109) 

with the NCOS open string coupling and tension 1/6. This gives the rela- 
tions 

R E = hVb , \ = ^f (110) 

Thus, as already mentioned in Section 372, this is interpreted |3], f|] as the fact 
that the NCOS open string in 4+1 dimensions is an open membrane in 5+1 
dimensions wrapped on the electric circle of radius Re, and for strong coupling 
the electric circle is large and we flow into decompactified OM theory. 

Making a T-duality in the transverse direction z we go to the F1-D5 bound- 
state. We have 



ls_ _ Re „ b _ g b l 

It Rt 
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where g^ is the 5+1 dimensional NCOS open string coupling. We also define 
the T-dual radius R' T = 1 2 /Rt along with its rescaled version R' T . This gives 

~95 = ~9^ , R' T R T = b (112) 

Rrp 

We see that this can be interpreted as a NCOS T-duality (similar interpreta- 
tions for other cases have been done in Thus, the bulk T-duality on 
the Fl-Dp bound states induces a world-volume T-duality in the NCOS theo- 
ries relating the T-dual string couplings and radii by the NCOS string tension 
1/6. 

The type IIB S-duality takes us into the D1-NS5 bound-state for which we 
have 

1 b I 2 

9b = — , l 2 s = 9bP s > cosh -° = —p; > 95 = f (H3) 
9b 9bH ° 



as explained in Section |2T3 . 

If again start from the top and instead choose z as the eleventh direction 
we go from the M2-M5 to the D2-NS5 bound-state. We have 

R T = g a l s , ll = gJl , coshfl = -|^ (114) 

9a^s 

Here the world-volume theory is (2, 0) OBLST with the parameters l s , l m and 
Re- 

Making a T-duality in the x 2 direction we obtain the D1-NS5 bound-state. 



As already explained in Section f4.4| we have 

t^E tiE gbK"E 

We again note that cosh# exactly has the right dependence on the string 
coupling gi that makes us able to compare this T-dualized limit to the limit 
obtained in ( |113j) by going the other way in the chain. We now define the 
T-dual radius R' E = I 2 /Re of the electric circle. Since x 2 after the T-duality is 
a magnetic coordinate, R' E scales oppositely to Re- Using this and comparing 
with (|113|) we therefore get 

T = W ' & bRe = Z (H6) 

Thus, we see that the T-duality in the bulk now induces a little-closed-string- 
T-duality in the OBLST, since contrary to ( |112| ) the T-duality is in terms 
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of the length scale l s of the closed strings in OBLST. One could speculate 
that this means that open strings of tension l/(2nl 2 s ) can end on the open 
string/membrane in OBLST. Certainly, this would make sense from the bulk 
point of view, since the open string/membrane origins from Dl or D2-branes 
stretching between the D1-NS5 or D2-NS5 bound-states. 
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Note added: 

While writing this paper, we received the paper |14]| which also considers a 
supergravity dual of OM theory using a different approach than the one we 
have in section |3|. 

In the final stages of writing this paper we were made aware that N. Seiberg 
and A. Strominger have presented similar ideas as of this paper in their talks 
at Strings 2000, july 10-15. We were subsequently informed that these ideas 
will appear in a revised version of the paper || by R. Gopakumar, S. Minwalla, 
N. Seiberg and A. Strominger. 
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